By the methods of probability and duality technique, we give some comparison theorems for the solutions of infinite horizon forward-backwad stochastic differential equations.
Introduction
In this paper, we study the comparison theorems of the following infinite horizon fully coupled forward-backward stochastic differential equations (FBSDEs in short)    dX t = b (t, X t , Y t , Z t ) dt + σ (t, X t , Y t , Z t ) dB t , −dY t = f (t, X t , Y t , Z t ) dt − Z t dB t , X 0 = x, Y ∞ = Φ (X ∞ ) , (1.1) where {B t } t≥0 be a standard d-dimensional Brownian motion, defined on a probability space (Ω, F , P ). Let {F t } t≥0 be the completion of the natural filtration generated by the Brownian motion {B t } t≥0 , where F 0 contains all P -null sets of F , and F ∞ = t≥0 F t We introduce the following spaces: where β 1 , β 2 and µ, are given nonnegative constant with β 1 + β 2 > 0, µ + β 2 > 0. Moreover, we have β 1 > 0, µ > 0 (resp., β 2 > 0) when m > n (resp., n > m). Particularly, when m = n, we set G = I n . And we denote the transpose of matrix by the notation *.
H4 f is strictly monotone in X. The proof can be seen in [18] .
For convenience of notations, hereafter we set d = 1 in this paper. In order to prove multi-dimensional comparison theorems for FBSDE (1.1), we need the following so-called quasi-monotonicity conditions.
Comparison theorem

1-dimensional cases of FBSDEs
We first give the following result for n ≥ 1, m ≥ 1, which plays a significant role in our following comparison results.
be respectively the solutions of (1.1) corresponding to
Letting T → ∞, and by (H3) it follows that
So we have GX t ,Ŷ t ≥ 0, ∀t ≥ 0. It follows that, for the above given stopping time τ
which means that
When m > n, we have
When m < n, we consider the following FBSDEs
Here l = b, σ, f, respectively. And note that
. . .
From (H4) it follows thatX τ = 0, a.s.. Using the uniqueness of solutions of stochastic differential equations, it is obvious thatX t I [τ,∞] (t) ≡ 0. In all
The proof is complete. 2
Now we first consider a simple case, that is, n = m = 1.
Clearly τ ≤ τ x , τ ≤ τ y , where τ is defined in Theorem 2. From Theorem 2, it holds that
From the continuity ofX t andŶ t , it follows thatX t ≥ 0 andŶ t ≥ 0, ∀t ≥ 0. The proof is completed. 2
Comparison theorem of multi-dimensional BSDEs on infinite horizon
We give a Gronwall's lemma which is vital to prove a comparison theorem for solutions of multi-dimensional infinite horizon BSDEs.
, y t is an adapted process, and ϕ (s) is a deterministic function such that
Proof. From the assumptions, we can get
ϕrdr , it is easy to check that e − ∞ s ϕrdr ′ = φ s . Multiplying φ s on both sides of (3.2.1), it yields
Taking conditional expectation under F t on both sides of the above inequality
From the property of classical conditional expectation and Fubini theorem, it follows that
After the calculation of integration by parts, it is clear that
Substituting (3.2.2) into the original inequality, the desired result is obtained. 2 Proposition 5. Consider the following backward stochastic differential equations on infinite horizon,
The proof is refered to [4] . Now, we are position to study a comparison theorem for multi-dimensional BSDEs on infinite horizon. Theorem 6. Consider the following two BSDEs:
If ξ i ∈ L 2 , i = 1, 2, and ξ 1 ≥ ξ 2 , f 1 , f 2 enjoy (h.1) and (h.2), f 1 (t, ·, ·) and f 2 (t, ·, ·) satisfy the assumption (A2), then ∀t ≥ 0, y
Proof. From the above Proposition 5, (3.2.4) and (3.2.5) have a unique solution (y 1 , z 1 ) and (y 2 , z 2 ), respectively. Set
Applying Tanaka-Itô's formula to ŷ 
Immediately, from (3.2.6), it follows that
Finally, there is a sufficiently large constant K ′ > 0, such that
Combining all of them, we have
by Gronwall's Lemma 4, immediately, we can get
that is ŷ j t + = 0. The proof is completed. 2
Multi-dimensional cases of FBSDEs
From now on, we consider the FBSDE (1.1) whose solution X or Y is multi-dimensional.
otherwise. Now we define a stopping time τ . = inf t ≥ 0;X t = 0 . Consider the following FBSDE:
Now we study the case for n > 1, m = 1.
Proof. Consider the following FBSDE:
otherwise.
Then we use the duality technique to get the dual equations of the above FBSDE (3.3.3):
It is easy to check that (3.3.4) satisfy (H1)-(H3), so there exists a unique triple (P t , Q t , K t ) in B 3 . We define the stopping time τ = inf {t ≥ 0; P t = 0} . Consider the following FBSDE on [τ, ∞] ,
Clearly, (3.3.5) has a unique solution
is the solution of (3.3.4). According to P 0 > 0 and the definition of τ, we get P t ≥ 0. Applying Itô's formula to X t , Q t +Ŷ t P t. on [0, ∞] , we have
If we can prove Q 0 ≤ 0, we can obtainŶ 0 ≥ 0. Therefore, we study the following infinite horizon BSDE
Thanks to (H3) and (H4), we deduce (f 1 t ) * > 0,Φ ≥ 0. By (A1), it holds that
We need the following another infinite horizon BSDE
Obviously f 1 and f 2 satisfy (A2). From the above comparison Theorem 6, we obtain Q t ≤ 0, ∀t ≥ 0. It implies thatŶ 0 ≥ 0, immediately.
Set τ y = inf t ≥ 0;Ŷ t = 0 . From Theorem 2, we have GX τy ,Ŷ τy ≡ 0, moreover X t ,Ŷ t ,Ẑ t I [τy,∞] (t) ≡ 0, then we haveŶ t ≥ 0, ∀t ∈ [0, ∞]. The proof is completed. 2
Lastly, we treat the case that the coefficients of FBSDE b, f, Φ, and initial value are all different in two FBSDEs. We can obtain a kind of comparison theoerm which is only for Y 0 . Simultaneously, we introduce its dual equation:
